We prove that the metric of a general holographic spacetime can be reconstructed (up to an overall conformal factor) from distinguished spatial slices -"light-cone cuts" -of the conformal boundary. Our prescription is covariant and applies to bulk points in causal contact with the boundary. Furthermore, we describe a procedure for determining the light-cone cuts corresponding to bulk points in the causal wedge of the boundary in terms of the divergences of correlators in the dual field theory. Possible extensions for determining the conformal factor and including the cuts of points outside of the causal wedge are discussed. We also comment on implications for subregion/subregion duality.
Introduction
One of the most intriguing aspects of gauge/gravity duality [1] [2] [3] is its implication that spacetime geometry is emergent. The metric is not a fundamental variable of quantum string theory with asymptotically Anti-de Sitter (AdS) boundary conditions: it is rather an object which emerges in the appropriate limits. The quantum structure from which spacetime emerges, however, remains mysterious. There is an active research program devoted to reconstruction of the bulk metric from the dual field theory.
Much of this program has focused on recovering the bulk geometry from various measures of quantum entanglement in the dual field theory (starting with [4, 5] ). This approach is particularly appealing since entanglement entropy is dual to the area of bulk extremal surfaces [6, 7] : it may be possible to reconstruct the metric by comparing entanglement entropy for different regions. To our knowledge, the most developed approaches along these lines are "hole-ography" and the (related) construction of kinematic space [8] [9] [10] [11] [12] [13] [14] . However, this method of bulk reconstruction suffers from some drawbacks: it is at this time understood in only a limited class of cases, and in particular it is not formulated for generic holographic spacetimes in more than 2 + 1 dimensions 2 , and it is subject to a set of no-go theorems and constraints discussed in [15] [16] [17] . Other approaches to reconstruction, e.g. [18] [19] [20] [21] often assume the bulk equations of motion. We provide an alternative approach for reconstructing the bulk metric from field theory data. The reconstruction we propose is based on a new way of identifying bulk points in terms of distinguished boundary spatial slices, the "light-cone cuts". We will give a complete prescription for recovering the bulk conformal metric, i.e. the metric up to an overall conformal rescaling, just from the location of the light-cone cuts. (We believe it should also be possible to obtain the conformal factor, but this is still under investigation.) We will then show that the light-cone cuts themselves may be found from the divergence structure of boundary n-point functions, using the work of [22] . This approach is completely well defined for (most) bulk points in the causal wedge of the entire asymptotic boundary, i.e. points which have both past and future causal contact with the asymptotic boundary. As we will discuss, the former part of the reconstruction is also valid outside of this region, including some points inside a black hole event horizon; it is not yet clear how to extend the latter part. We emphasize that our approach is covariant and well-defined for any holographic spacetime of any dimension. We make no assumptions about the matter content; in particular, we do not assume the null energy condition.
The starting point of our procedure is the construction of a unique spatial slice of the boundary geometry from any bulk point, provided that the point is within causal contact of the boundary. This slice is the intersection of the (past or future) light cone of the bulk point with the asymptotic boundary (up to caustics), as illustrated in Fig. 1 . Clearly, not every boundary spatial slice corresponds to the light cone of a bulk point. We call the special slices which do correspond to bulk points "light-cone cuts", or "cuts" for short. Our approach is similar in spirit to the program initiated by Newman in the 1970's [23, 24] for asymptotically flat spacetimes. In particular, it was shown in [25] that the conformal metric of an asymptotically flat spacetime can be recovered from similar light-cone cuts at null infinity. A crucial new ingredient in our approach is the use of the dual field theory to determine the cuts.
We show that a light-cone cut corresponds to a unique bulk point, and give a prescription for reconstructing the conformal metric from the set of light-cone cuts. In this way, we show that the space of cuts acts as an auxiliary spacetime, filling a similar role in this causal reconstruction as de Sitter space does in the geodesic reconstruction of [11] . Our approach to reconstruction is local: we determine the conformal metric pointwise. We also present partial results for determining the causal separation for points at finite separation directly from the behavior of their cuts. The causal relations between certain points can be determined from the type of intersection of their cuts.
The above reconstruction of the conformal metric from the space of light-cone cuts applies to points in causal contact (either to the future or past) of the boundary. This includes points inside event horizons, and is more general than requiring that points lie in the causal wedge, which requires causal contact both to the future and past. See Fig. 2 for an example.
More importantly, for (most) points inside the causal wedge, we can complete the reconstruction by determining the light-cone cuts without reference to the bulk. This can be done using results from [22] (which was based on earlier work by [26] [27] [28] [29] [30] ), where it was shown how to determine a bulk point in AdS d+1 from the singularities in time-ordered Lorentzian (d + 2)-point correlators. The correlator diverges when all the boundary points are null related to a single vertex point, where the vertex can lie on the boundary or in the bulk. In cases where the vertex lies in the bulk (and there is no analogous boundary vertex) the result is a "bulk-point" singularity, which can be used to identify the bulk point. Extending this to Lorentzian (d + 3)-point correlators in excited states corresponding to asymptotically AdS spacetimes yields a construction of light-cone cuts from the field theory. More general prescriptions may exist for finding cuts for points outside of the causal wedge that have only a past or only a future cut. This remains to be investigated.
The paper is structured as follows: in Sec. 2, we define light-cone cuts more precisely, state some of their properties, and calculate them in a simple example. Sec. The boundary of the future of p never intersects the asymptotic boundary. p has only a past cut. More generally, the interior of an event horizon lies at least partly inside the boundary's domain of influence, but (by definition) not within the boundary's causal wedge.
(i) a way of recovering the bulk conformal metric at any bulk point in the domain of influence of the boundary from the set of light-cone cuts, and (ii) a prescription for finding the light-cone cuts associated to points within the causal wedge of the boundary. In Sec. 4, we give a partial procedure for determining the causal separation between two bulk points which need not be in some local neighborhood of one another. In Sec. 5 we discuss possible ways of obtaining the conformal factor, 1/N corrections, implications for subregion/subregion duality, and possible extensions for future work.
Light-cone Cuts
Recall that the chronological past of a point p, I
− (p), is defined to be the set of all points q that can be connected to p by a future-directed timelike curve. The causal past J − (p) is defined similarly, with "timelike" replaced by "timelike or null". Let M be an asymptotically AdS metric with conformal boundary ∂M . We assume that M is at least C 2 , maximally extended, connected and AdS hyperbolic: there are no closed causal curves, and for any two points (p, q), J + (p) ∩ J − (q) is compact after conformally compactifying the AdS boundary [31] . While many of our results may be generalized to asymptotically AdS spacetimes with two boundaries, we will assume in this paper that ∂M is connected for simplicity. All conventions, unless otherwise stated, are as in [32] . The past light-cone cut of a bulk point p ∈ M , or past cut for short, denoted C − (p), is defined as the intersection of the boundary of the past of p with ∂M :
The future cut of p is defined similarly: Fig. 1 for an illustration. When a statement applies equivalently to past or future cuts, we will simply denote the cuts in question as C(p). These cuts are essentially the intersection of the light cone of a bulk point with the asymptotic boundary: a cut is not the entire light cone, however, since null geodesics can focus due to gravitational lensing. When geodesics cross, they produce caustics, which cause the null geodesic to leave the boundary of the past or future of p. The possible existence of caustics implies that the cuts need not be smooth cross-sections of the boundary. In general, they will be continuous, but may contain cusps where they fail to be C 1 . We expect the cusps to be a measure zero subset of any cut, and we will assume this to be the case.
We will now state three results about the correspondence between light-cone cuts and bulk points. For pedagogical reasons, we will present our results without proof, and provide the proofs in Appendix A. The following proposition holds for any bulk point in causal contact with the boundary (either to the future or past): 
so AdS is given by
These coordinates are related to AdS global coordinates via the following map:
where the angular coordinates transform in the obvious way 4 . We will take the boundary at r → ∞ to be in the conformal frame of the Einstein Static Universe, or the static cylinder, with metric:
where the time and angle coordinates are the same as those of AdS.
To connect this with the abstract definition of the cut, let T To describe the cut, we note from (2) that tan
These cuts may also be derived from field theory data, via the prescription in Sec. 3.2. 4 The AdS metric in these coordinates takes the familiar form:
where t ∞ is the value of the time coordinate t at the cut. Since T 1 and T 2 are just the coefficients of the corresponding basis vectors in a we have
So the cut is simply given by t ∞ = t 0 ± π/2, where the plus sign refers to future cuts and the minus sign refers to past cuts. Of course this result could have been obtained just from spherical symmetry and the fact that light rays take π/2 coordinate time to get to the boundary. The advantage of this approach is that it yields the cuts for points off the axis just as easily. To see this, let
. This corresponds to a point at t 0 = 0 and r = r 0 in the direction X 1 . To find the orthogonal null vectors, we expand
. Imposing P · = 0 and · = 0, and solving for a , we obtain
where θ is the angle with the X 1 axis. This cut is tilted with respect to a cut at constant t ∞ . The cut for an arbitrary point can be obtained from this one by time translations and rotations, so there is a (d + 1)-dimensional space of cuts, labeled by t 0 , r 0 , and the (d−1)-directions of the tilt. Since there are no caustics in AdS, these cuts are all smooth. Note that in the limit r 0 → ∞ (which corresponds to the bulk point approaching the boundary), the cut reduces to t ∞ = ±θ; this is just a null cross-section of the boundary. For pure AdS, there is a simple relation between the behavior of the cuts and the global causal relation of the corresponding points 5 : C(p) and C(q) do not intersect if and only if p and q are timelike related, C(p) and C(q) intersect at precisely one point if and only if they are null related, C(p) and C(q) intersect at more than one point if and only if p and q are spacelike related. These results are intuitively clear and follow from the results in the appendix (and the fact that there are no caustics in AdS). We will see that only some of these results extend to general asymptotically AdS spacetimes.
There is an intrinsic way of characterizing these light-cone cuts of AdS. The light cone of a point in AdS is shear-free. Given any smooth spacelike cross-section of the boundary, the shear of the congruence of ingoing orthogonal null geodesics from that cross-section always vanishes asymptotically as O(1/r 2 ). Demanding that the r −2
contribution to the shear vanishes yields a differential equation for the cross-sections with solutions given precisely by (6) . In the case of asymptotically flat spacetimes, this was the starting point for H-space: the set of asymptotically shear-free cuts of null infinity (see e.g. [23, 24] and [33] for a review). However, this characterization is less useful for us, since in generic asymptotically AdS spacetimes, light-cone cuts are not asymptotically shear-free in this sense. We will discuss another intrinsic way to characterize the light-cone cuts in the next section; instead of geometric constructs such as shear, we will make use of a tool not available to [23, 24] : the dual field theory.
Reconstruction of the Conformal Metric
In this section we will first consider bulk points in the past or future of the conformal boundary and show how to reconstruct the bulk conformal metric given the set of cuts.
We can work with either past or future cuts, but will focus on past cuts for definiteness. We will then describe a way of constructing the light-cone cuts associated with (most) points in the causal wedge from field theory data. There are indications that more general procedures may exist.
Reconstructing the conformal metric from the cuts
Under the assumption that we have been provided with the set of light-cone cuts, past or future, we would like to determine the conformal metric. Below we do this in two steps: the first is a result showing that the conformal metric at a point is fixed by any open subset of the point's light cone; the second is a prescription, making use of a result proven in the appendix, for constructing the conformal metric from the set of cut locations.
The conformal metric at a point is simply the metric up to an overall positive constant: g µν ≡ λ 2 g µν . Clearly, two conformally related metrics have identical light cones. Conversely, the conformal metric at a point is uniquely fixed by the light cone at that point. Since an open set of a cut fixes the entire cut, an even stronger result is true: the conformal metric is uniquely fixed by any open subset of the light cone. This result was proven in [25] ; here we give a different argument which will be useful below in reconstructing the metric from the cuts. In d + 1 dimensions, we may take any d + 1 linearly independent past-or futurepointing null vectors i at a point p, and view them as a basis of the tangent space at p. This is always possible, since there is no vector orthogonal to all of the null vectors.
The vectors i may lie anywhere on the lightcone of p: we need only an open subset of the lightcone to find this basis. By definition, the i all have zero norm, but unknown inner products; the conformal metric at p is precisely fixed by these inner products. To determine them, take a new collection of null vectors, η k , and expand them in terms of i :
Each η k has zero norm by definition; this yields a set of algebraic equations for the inner products i · j :
While it is not generally true that such equations must have a solution, we are guaranteed a solution precisely because these equations describe a Lorentzian metric which by construction exists. By choosing enough vectors η k , we will find a solution which is unique up to an overall constant rescaling of all inner products. This determines the conformal metric at p. 6 We will now implement this approach to recover the conformal metric from the cuts. Suppose that we are given the set of past cuts M. From the proposition, this is a (d + 1)-dimensional space representing all bulk points in I + [∂M ] . We now define a conformal metric on M. To do so, we use the following result (proven in the Appendix):
Theorem 1: If C(p) and C(q) intersect at precisely one point, and both cuts are C 1 at this point, then p and q are null-separated.
The crux of the proof is in the uniqueness of the inward-directed orthogonal null geodesics γ from every C 1 point of C(p). If C(p) and C(q) are tangent at a regular point of both cuts, γ must lie on the boundary of both J − (p) and J − (q). This is only possible if γ goes through both p and q, so the points p and q must be nullseparated. The result proved in the Appendix is actually stronger, and shows that there exists a cut tangent to C(p) for every bulk point along an achronal null geodesic from p to the boundary. Theorem 1 endows the space of cuts with a natural Lorentzian structure, inherited from the bulk Lorentzian structure: given a point P in M, i.e., a cut C(p), the set of all other cuts which are tangent to C(p) at a regular point x forms a null curve in M; this null curve precisely corresponds to the unique null bulk generator shared by all the cuts which are tangent at the regular point x. See Fig. 3 for an illustration. More generally, the set of all cuts which are tangent to C(p) at any regular point forms a null hypersurface in M. The tangent vectors to this null hypersurface at P form (a part of) the light cone of P , see Fig. 4 , just as the unique null generators fired from all regular points of C(p) form a subset of the bulk lightcone of p. To reconstruct the bulk conformal metric at p, we need only recover it at P . By the reasoning above, a set of d + 1 regular points of C(p), with cuts tangent to each of the regular points, maps to a set of d + 1 linearly independent null vectors on the lightcone of P . As argued in the beginning of this section, this uniquely determines the conformal metric at P , and therefore immediately also the conformal metric at p 7 ;
the additional null vectors η k required to determine the conformal metric at P may be obtained from cuts which are tangent to C(p) at other points. We emphasize that given the past cuts, we can recover the conformal metric at all points in I + [∂M ] this way, even points inside black holes. The fact that q might be on a caustic of ∂I − (p) for some point p is not an obstacle to finding the conformal metric at q.
7 Note that generically, the entire lightcone cannot be recovered in this way due to C 0 points on the cut arising from caustics in the bulk, but that is not required to fix the conformal metric at P . 
Finding the light-cone cuts
The distinguishing characteristic of a cut C(p) is that every point on C(p) is nullrelated to the same point p in the bulk. More generally, C − (p) and C + (p) are the past and future cuts of a bulk point p whenever there exist null geodesics from every point on C − (p), C + (p) to p.
A similar structure was used recently to identify a bulk point in AdS d+1 from (d+2)-point time-ordered Lorentzian correlation functions in the dual field theory [22] . In general, n-point functions have divergences when all points are null separated from an interaction vertex and energy-momentum conservation holds at the vertex. In [22] , it was shown that there are cases where the correlators diverge due to an interaction vertex in the bulk that was null separated from the boundary points, but there is no analogous vertex point on the boundary to explain the divergence. Such singularities were termed "bulk-point singularities".
These bulk-point singularities can be used to uniquely specify a bulk point. In d + 1 bulk dimensions, there is a d-dimensional subspace of points which are connected to a point on the boundary by a future-directed null geodesic. Given d + 1 boundary points, then, these null subspaces can intersect at most at a point. Conservation of energy momentum at the vertex requires one more boundary point, so singularities of (d + 2)-point correlators can be used to fix a bulk point. Singularities of higher point correlators can also be used to fix bulk points.
Although the analysis in [22] was restricted to vacuum correlation functions dual to pure AdS, similar behavior should occur for correlation functions in excited states corresponding to asymptotically AdS spacetimes [34] . In fact, the generalization to asymptotically AdS spacetimes has an advantage. In higher dimensional AdS d+1 , it can be difficult to show that the singularity in the correlator is in fact due to a bulkpoint singularity and not an ordinary null field theory singularity. It is crucial for our construction to work that the singularity be sourced by a bulk null separation. To construct bulk points from correlation function singularities, we must show that there is no boundary point which is null related to all d + 2 points in the correlation function. In [22] , this was shown for d = 2, 3. This is, in fact, simpler to show in any dimension away from pure AdS: when the spacetime is not exactly AdS, null geodesics take longer to pass through the bulk than they do on the boundary [35] . Thus, the bulkpoint singularities away from AdS will occur when the boundary points are separated in time by more than the light travel time on the boundary, which immediately precludes the possibility of a null related boundary vertex point 8 .
Using these bulk-point singularities, we can identify the past and future cuts of most bulk points in the causal wedge. To determine the cut, we want to move some of the boundary points while keeping the vertex point fixed in the bulk. In order to keep energy momentum conserved at the vertex we need one more boundary point. So we start by taking two boundary points z 1 and z 2 which are spacelike related to one another and d + 1 other boundary points x 1 , · · · , x d+1 where the x i are to the future of z 1 , z 2 and spacelike related to each other (see Fig. 5 ). Consider deforming the set of points (z 1 , z 2 , x j ) until the (d + 3)-point correlation function diverges:
The divergence in Eq. 9 will occur whenever the points (z 1 , z 2 , x j ) are all null-related to a vertex y in the bulk or the boundary, and high energy test quanta fired from z 1 , z 2 scatter at y to the x i , where energy and momentum are conserved at y. In terms of the global time on the static cylinder, any two points on the boundary which are null separated must have time separation less than π. By taking x i to be more than a time π to the future of z 1 and z 2 , we can ensure that they will not be null related to a point on the boundary. Note that there cannot be more than one vertex in the bulk: energy Figure 5 : A Landau diagram of a bulk-point singularity in a 7-point function: z 1 , z 2 , and the x i are all null-separated from a bulk point y so that high energy test particles from z 1 , z 2 scatter at y, conserving energy and momentum. To find the past cut of y, we vary z 1 , z 2 in a spatial direction while keeping the 7-point function singular. momentum conservation requires at least two incoming and two outgoing quanta at each vertex, and there are only two incoming quanta.
We now fix the points x i , which fixes a point y in the bulk, and vary z 1 and z 2 (requiring that they remain on a spacelike boundary slice). See Fig. 5 for an illustration. The collection of all points z 1 , z 2 satisfying Eq. 9 will trace out the cut C − (y). Here, however, we must issue a caveat: since energy and momentum must be conserved at the vertex, we may not recover the entire cut this way. Generically, the existence of caustics means that only part of the light cone of y is connected to C − (y) by null geodesics. Let us call this subset of the light cone N . We can recover parts of the cut corresponding to pairs of points in N whenever energy and momentum can be conserved at y. 9 Fortunately, this restriction does not affect our bulk reconstruction.
Since we are fixing the d + 1 future points, we still get a one-to-one map between our partial cuts and bulk points. Furthermore, we can still construct the nearby cuts that are tangent at C 1 points, which determines the conformal metric at that point. By reversing the above construction, we may similarly construct the future cut C + (y).
If N is too small, then we cannot recover any of the cut, and our prescription for 9 It is possible that more of the cut can be recovered by considering singularities in higher point correlators.
obtaining cuts will fail. This happens, for example, close to a black hole. Consider a static spherical AdS black hole for simplicity, and let r n denote the radius of the closed null geodesic around the black hole. Then for r < r n , most of the light rays fall into the black hole. Less than half the light cone makes it out to the boundary, and our construction is insufficient. For r slightly larger than r n , more than half of the light cone makes it out to ∂M , but not all of the null geodesics stay on the boundary of J − (p) and reach C(p). This should not be a problem since we expect singularities in the correlators for all boundary points which are related to the vertex by a null geodesic, even if the null geodesic is not achronal. Thus we should be able to recover part of the cut for all r > r n . However, points with r < r n constitute a "shadow region" around a black hole where we cannot recover the cuts from field theory correlators in this way. The divergence in the correlation function should be present in the large N and large λ limit of any holographic field theory (potentially including perturbative corrections in 1/N and 1/λ). These divergences are expected to disappear at finite N and λ, in agreement with the intuition that nonperturbative stringy and quantum effects fuzz out bulk points.
We emphasize that we have described just one way of obtaining the cuts from field theory data; other procedures may exist. If the bulk has certain symmetries, for instance, there will be a distinguished set of cuts that correspond to fixed points of these symmetries. As an example, consider the field theory dual to a spherically symmetric collapse in the bulk. The dual field theory undergoes thermalization, and the field theory stress tensor is spherically symmetric. There are preferred cuts on the boundary which are invariant under this spherical symmetry. These cuts are precisely the past cuts of bulk points at the origin, which are fixed points of the symmetry. Such cuts include points that lie inside the black hole event horizon. This approach admittedly does not yield a complete reconstruction of the conformal metric inside the black hole interior, and it requires the strong assumption of spherical symmetry, but it indicates that there may be additional ways of obtaining cuts.
Some Global Causal Relations from Cuts
The set of cuts contains more information about the causal relations between bulk points than we used in Sec. 3.1, where the focus was on null separations. In this section we describe some further results. We will consider bulk points in the causal wedge of the entire boundary, and assume that we are given the complete set of past and future cuts of these points. We note that some of the results below only use one set of cuts; those results hold everywhere within the boundary's domain of influence.
q)} be two distinct pairs of cuts, with corresponding bulk points p, q. We start with a definition:
This is the case when the the intersection C(p) ∩ C(q) divides C(p) and C(q) each into two or more connected (nonempty) components.
The following result (which is proved in the Appendix) tells us p and q are spacelike separated under the following conditions: Theorem 2: p and q are spacelike separated if one of the following is true:
1. C(p) and C(q) cross, where C(p) and C(q) are either both past or both future cuts ( Fig. 6(a) ).
2. C ± (q) both lie between C + (p) and C − (p) (Fig. 6(b) ).
Case (1) is in agreement with expectation: we expect that two points are spacelikeseparated if their pasts or futures intersect, but are not proper subsets of one another. Case (2) is more unusual, but can arise e.g. when one point is close to a bifurcation surface of a black hole. Consider the bag of gold geometry shown in Fig. 7 , as constructed in [36] : p clearly has future-directed outgoing null geodesics which reach the boundary at late time. Since the cut must be spacelike, the entire future cut C + (p)
exists at late time. Note that while some null geodesics enter the black hole and do dS p q Figure 7 : A bag of gold geometry, where the region behind the horizon contains part of de Sitter space [36] . Points in the dS region are in the causal shadow: they have no corresponding boundary cuts. Within the causal wedge, points that are spacelike separated at some large distance will feature the more unusual cut configuration of Fig. 6(b) . not make it out to infinity, there are others which curve around the horizon and reach the boundary, so C + (p) is always a complete spacelike slice of ∂M , as required by the proposition in section 2. Similarly, there are past-directed null geodesics which reach the boundary at early time, so C − (p) exists at early time. Any point farther from the horizon, like q in the figure, will have C ± (q) both lying between C + (p) and C − (p).
We now consider timelike separated points in the bulk. There is a simple condition on the cuts which ensures that the bulk points are timelike separated: there is a futuredirected timelike path from p to q (q ∈ I This condition is limited to points separated by a sufficiently long time.
To determine when two points are timelike separated with shorter time differences is more difficult. It is true that if and q is a point on this line, then there is a null geodesic γ 1 from p to q. These two points are therefore null related. By definition, for any point r ∈ C − (q), there is a null geodesic γ 2 from q to r. Combining γ 2 with γ 1 , we obtain a broken null geodesic from p to r; this broken null geodesic can always be lengthened by rounding out the corner 10 .
This means that the entire cut C − (q) is in the past of p, and Fig. 9 . Since these two cuts do not intersect even though the points are null related, we can move q slightly to the future or past and get nonintersecting cuts for spacelike, timelike or null separated points. Finally, we note that some spacetimes have points which have no causal contact at all with the boundary (e.g. points inside the bag of gold geometry [36] shown in Fig. 7 , or points deep in the throat of the shockwave geometries of [37] ). It is not clear at this time if there is any generalization of the notion of a light-cone cut that would apply to these points.
Discussion
We have presented a new approach for reconstructing the bulk spacetime from its dual field theory. Given a d-dimensional field theory, there is a (d + 1)-dimensional space of light-cone cuts which represent the points of the holographic spacetime. The cuts can be determined from singularities in correlation functions, and the bulk metric (up to a conformal rescaling) is simply recovered from the location of the cuts. This procedure works for most points in both past and future causal contact with the boundary, i.e. the causal wedge of the entire boundary. (There is a "shadow region" around e.g. a static black hole where our procedure fails to determine the cuts.)
There are many open questions related to possible extensions of these results. We have shown that the conformal metric can be recovered from cuts associated with any points that are within the domain of influence of the boundary. The problem now is to find new ways to recover the cuts from field theory data. We would like to determine cuts in the shadow region around black holes as well as points outside the causal wedge. As discussed in Sec. 3.2, symmetries can facilitate finding such cuts. This suggests that there may be a more general prescription for obtaining the light-cone cuts in such spacetimes, in keeping with recent arguments that bulk reconstruction is possible beyond the causal wedge, all the way to the entanglement wedge [31, [38] [39] [40] [41] [42] .
Another important extension is the determination of the conformal factor from boundary data. In cases when the conformal factor is analytic, we may easily obtain the conformal factor from a Fefferman-Graham expansion near the boundary, where the free coefficients are fixed by field theory expectation values. In general, any analytic spacetime metric can be obtained in this way, but we emphasize that this construction is more general: the conformal metric need not be analytic; only the conformal factor does.
We have focused on the metric, but it is also interesting to ask whether other bulk fields can be recovered in a natural way from light-cone cuts. One possible direction to explore is suggested by the similarity between our construction and twistor theory. The latter involves considering the space of all null geodesics in Minkowski space, and identifying a spacetime point by the sphere of null geodesics passing through it. Spacetime fields are then encoded in certain singular holomorphic functions on (complexified) twistor space. Possibly some equally elegant prescription for describing spacetime fields exists on the space of light-cone cuts.
Other extensions include the generalization to spacetimes where the boundary is not connected, such as the two-sided black hole. It is plausible that many of the proofs would carry over to such cases, but we have not yet shown this rigorously. There are also hints of connections between light-cone cuts and bulk singularities, which should be explored further. The existence of past cuts which have no corresponding future cut (or vice versa) is an indication that some future-directed (past-directed) null geodesics never reach the asymptotic boundary. Generically this indicates null geodesic incompleteness in the bulk, although exceptions may exist (e.g. null geodesics trapped in orbit).
We emphasize that our construction is entirely covariant, and that proofs of the necessary results rely exclusively on causal structure and continuity arguments. No assumptions have been made regarding the bulk equations of motion or matter content besides those which follow from field theory causality. This naturally raises the question of which, if any, of our results remain valid when the bulk undergoes quantum and stringy corrections. The reconstruction procedure remains valid so long as there is a well-defined notion of bulk causal structure. This is true even with perturbative quantum (1/N ) or stringy (1/λ) corrections. The work of [22] suggests that bulkpoint singularities exist perturbatively, so the procedure of Sec. 3.2 should also work when perturbative corrections are included. The result would be the expectation value of the conformal metric, rather than a metric operator.
Nonperturbative quantum physics in the bulk of course remains mysterious, and it is not clear that there is a good notion of causality. Certainly we do not expect that there is a sharply defined notion of points and distances. In particular, [22] showed that bulkpoint singularities vanish nonperturbatively, so the correlation function prescription of Sec. 3.2 will no longer work at finite λ, N .
Finally, our approach to bulk reconstruction suggests a new type of subregion/ subregion duality. This phrase is usually interpreted as meaning that a region of the boundary such as a causal diamond is dual to a bulk region anchored on the asymptotic causal diamond [38, [43] [44] [45] . By considering light-cone cuts, one sees that a time strip of the boundary can describe a region in the domain of influence deep in the bulk, as illustrated in Fig. 10. (To obtain the cuts from the correlation functions, one would need two time strips.) It would be interesting to investigate this different formulation of subregion/subregion duality in more depth. 
A Theorems and Proofs
Here we will state and prove all the results mentioned in this paper. Our assumptions (as stated in Sec. 2) are the following: M is at least C 2 , maximally extended, connected, AdS hyperbolic, and asymptotically AdS. Recall that AdS hyperbolic means that there are no closed causal curves, and for any two points (p, q), J + (p) ∩ J − (q) is compact after conformally compactifying the AdS boundary [31] . ∂M is maximally extended, connected, and globally hyperbolic. We also assume cuts are C 1 everywhere except on a set of measure zero. An important fact that we will use below is that continuous deformations of bulk points correspond to continuous deformations of their corresponding cuts. This follows from the fact that the cuts are determined by null geodesics which satisfy ODEs, and every null geodesic has an open neighborhood in a maximally extended, globally hyperbolic spacetime.
We will assume everywhere in this section that p and q are bulk points in the domain of influence of the asymptotic boundary, so that C(p) and C(q) are nonempty cuts corresponding to p and q. We shall work with past cuts where the generalization to future cuts is obvious. two generators of this null congruence; so γ 1 and γ 2 are also generators of ∂J − (p) and 
Proof. If q ∈ I − (p), then there exist timelike past-directed paths from p to q, and past-directed null paths from q to C − (q). These can be combined to form timelike past-directed paths from p to C − (q), so C − (q) ⊂ I − (p). This immediately implies that Proof. Let x, y ∈ C(q) ∩ C(p). Then there is a null curve γ x from x to q and also a curve γ y from y to q. Because q is null related to p, there is a null curve γ from q to p. We can therefore join γ x to γ to obtain a causal curve from x to p and similarly join γ y to γ to get a causal curve from y to p. If either curve is broken, then one of x and y is timelike to p, in contradiction with the achronality of ∂J − (p). If neither curve is a broken curve, then γ x = γ y , so x = y.
A similar result holds for future cuts. Proof. Since (1) S lies in an open set in the past of C(p), and (2) C(q) and C(p) are C 1 and intersect at S, we conclude that C(q) and C(p) are tangent at S. ∂J − (p) and ∂J − (q) must therefore share a generator. This can only happen if q ∈ ∂J − (p) (because S ⊂ ∂J − (p)).
We now prove a stronger form of the result we used in section 3.1:
Theorem 1: Let γ be an achronal null geodesic from p to a C 1 point r ∈ C(p). Then q is on γ if and only if C(q) ∩ C(p) = {r} and C(q) is also C 1 at r.
Proof. If q is on γ, then γ is a generator of ∂J − (q). If there were a second null geodesic γ from q to r, one could combine it with γ and obtain a broken null geodesic from p to r contradicting the fact that r ∈ C − (p). Hence r is also a regular point of C(q). By Lemma 2, this can be the only point of intersection of the cuts. Conversely, if C(p) and C(q) coincide at r, then one must lie entirely in the causal past of the other, say C(q) ⊂ J − (C(p)), with a single regular point of intersection. By Lemma 3, p and q are null related, with q ∈ ∂J − (p).
Definition: C(p) and C(q) cross if C(p) ∩ I + (C(q)) = ∅ and C(q) ∩ I + (C(p)) = ∅.
All the results above only use one set of cuts, either past or future. If we restrict to points in the causal wedge of the entire boundary, we have both past and future cuts and can say more:
Theorem 2: p and q are spacelike separated if one of the following is true:
Proof. Therefore, the points are spacelike related. (2) Assume that the cuts of q both lie in between the cuts of p. Let γ be a smooth curve of constant signature 11 connecting q and p. By deforming q to p along γ, we must smoothly deform the cuts of q towards the cuts of p. If γ were causal and future-directed, then by Lemma 1, both cuts of q would move towards the future, which would not result in C − (q) agreeing with C − (p) as q → p. Similarly, if it was causal and past-directed, both cuts of q would move to the past and C + (q) would not agree with C + (p). Therefore γ must be spacelike.
